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Knowledge Graph 
Embeddings

Ex) Implication Rule: 
Is_Father_Of -> Is_Parent_Of

Can we impose 
Implication Rule in KG Embedding?



Problem Statement
- Relation as sets of ordered pairs of entities 
- Given rules or hierarchy 

In R^d ?

Goal: (Ri ⇢ Rj) i↵ (r0is relation space ⇢ r0js relation space)
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(ri ) rj) i↵ (ri’s relation space ⇢ rj ’s relation space)

<latexit sha1_base64="wygZ8u8+htwgkNR4DbecNcg9pTw="></latexit><latexit sha1_base64="wygZ8u8+htwgkNR4DbecNcg9pTw="></latexit><latexit sha1_base64="wygZ8u8+htwgkNR4DbecNcg9pTw="></latexit><latexit sha1_base64="wygZ8u8+htwgkNR4DbecNcg9pTw="></latexit><latexit sha1_base64="wygZ8u8+htwgkNR4DbecNcg9pTw="></latexit>

Knowledge Graph Embeddings in R^d



TransH
A Different Perspective on TransH

Viewing TransH as:

(b): 
(difference first, then projection)

(a): 
(projection first, then difference)

Red Line: The space where           of all 
(h,t)’s tied by is_parent_of can exist. 
= Relation Space of is_parent_of
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�!r ,Hr
<latexit sha1_base64="THn31k8zT0+mrsbfR7RyeDlMZMY=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksggcpiQh6LHrpsYL9gDaEzXbTLt1kw+5EKSEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtLVNFWYtKIVU3IJoJHrMWcBCsmyhGokCwTjC+nfqdB6Y0l/E9TBLmRWQY85BTAkby7aO+NLbiwxEQpeRjpvJz3PCVb1edmjMDXiZuQaqoQNO3v/oDSdOIxUAF0brnOgl4GVHAqWB5pZ9qlhA6JkPWMzQmEdNeNnsgx6dGGeBQKlMx4Jn6eyIjkdaTKDCdEYGRXvSm4n9eL4Xw2st4nKTAYjpfFKYCg8TTNPCAK0ZBTAwhVHFzK6YjoggFk1nFhOAuvrxM2hc116m5d5fV+k0RRxkdoxN0hlx0heqogZqohSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8ALbWWwQ==</latexit><latexit sha1_base64="THn31k8zT0+mrsbfR7RyeDlMZMY=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksggcpiQh6LHrpsYL9gDaEzXbTLt1kw+5EKSEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtLVNFWYtKIVU3IJoJHrMWcBCsmyhGokCwTjC+nfqdB6Y0l/E9TBLmRWQY85BTAkby7aO+NLbiwxEQpeRjpvJz3PCVb1edmjMDXiZuQaqoQNO3v/oDSdOIxUAF0brnOgl4GVHAqWB5pZ9qlhA6JkPWMzQmEdNeNnsgx6dGGeBQKlMx4Jn6eyIjkdaTKDCdEYGRXvSm4n9eL4Xw2st4nKTAYjpfFKYCg8TTNPCAK0ZBTAwhVHFzK6YjoggFk1nFhOAuvrxM2hc116m5d5fV+k0RRxkdoxN0hlx0heqogZqohSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8ALbWWwQ==</latexit><latexit sha1_base64="THn31k8zT0+mrsbfR7RyeDlMZMY=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksggcpiQh6LHrpsYL9gDaEzXbTLt1kw+5EKSEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtLVNFWYtKIVU3IJoJHrMWcBCsmyhGokCwTjC+nfqdB6Y0l/E9TBLmRWQY85BTAkby7aO+NLbiwxEQpeRjpvJz3PCVb1edmjMDXiZuQaqoQNO3v/oDSdOIxUAF0brnOgl4GVHAqWB5pZ9qlhA6JkPWMzQmEdNeNnsgx6dGGeBQKlMx4Jn6eyIjkdaTKDCdEYGRXvSm4n9eL4Xw2st4nKTAYjpfFKYCg8TTNPCAK0ZBTAwhVHFzK6YjoggFk1nFhOAuvrxM2hc116m5d5fV+k0RRxkdoxN0hlx0heqogZqohSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8ALbWWwQ==</latexit><latexit sha1_base64="THn31k8zT0+mrsbfR7RyeDlMZMY=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksggcpiQh6LHrpsYL9gDaEzXbTLt1kw+5EKSEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtLVNFWYtKIVU3IJoJHrMWcBCsmyhGokCwTjC+nfqdB6Y0l/E9TBLmRWQY85BTAkby7aO+NLbiwxEQpeRjpvJz3PCVb1edmjMDXiZuQaqoQNO3v/oDSdOIxUAF0brnOgl4GVHAqWB5pZ9qlhA6JkPWMzQmEdNeNnsgx6dGGeBQKlMx4Jn6eyIjkdaTKDCdEYGRXvSm4n9eL4Xw2st4nKTAYjpfFKYCg8TTNPCAK0ZBTAwhVHFzK6YjoggFk1nFhOAuvrxM2hc116m5d5fV+k0RRxkdoxN0hlx0heqogZqohSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8ALbWWwQ==</latexit><latexit sha1_base64="THn31k8zT0+mrsbfR7RyeDlMZMY=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksggcpiQh6LHrpsYL9gDaEzXbTLt1kw+5EKSEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtLVNFWYtKIVU3IJoJHrMWcBCsmyhGokCwTjC+nfqdB6Y0l/E9TBLmRWQY85BTAkby7aO+NLbiwxEQpeRjpvJz3PCVb1edmjMDXiZuQaqoQNO3v/oDSdOIxUAF0brnOgl4GVHAqWB5pZ9qlhA6JkPWMzQmEdNeNnsgx6dGGeBQKlMx4Jn6eyIjkdaTKDCdEYGRXvSm4n9eL4Xw2st4nKTAYjpfFKYCg8TTNPCAK0ZBTAwhVHFzK6YjoggFk1nFhOAuvrxM2hc116m5d5fV+k0RRxkdoxN0hlx0heqogZqohSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8ALbWWwQ==</latexit>



Methods

(b): 
(difference first, then projection)

�����!
(t� h)? ⇡ �!r

<latexit sha1_base64="wGCZtQgCI5FIFrjhz4MKNbNyZsk=">AAACInicbVDLSgMxFM3UV62vqks3wSLUhWVGBHVXdOOygn1Ap5RMmrahmUlI7qhlmG9x46+4caGoK8GPMX0g2nogcDjnXG7uCZTgBlz308ksLC4tr2RXc2vrG5tb+e2dmpGxpqxKpZC6ERDDBI9YFTgI1lCakTAQrB4MLkd+/ZZpw2V0A0PFWiHpRbzLKQErtfPnvrS25r0+EK3lXVKEo/5hO/EV0ypNsU+U0vIez8Z02s4X3JI7Bv4h3iwpoCkq7fy735E0DlkEVBBjmp6roJUQDZwKlub82DBF6ID0WNPSiITMtJLxiSk+sEoHd6W2LwI8Vn9PJCQ0ZhgGNhkS6JtZbyT+5zVj6J61Eh6pGFhEJ4u6scAg8agv3OGaURBDSwjV3P4V0z7RhIJtNWdLmDt5ntSOS55b8q5PCuWLaR1ZtIf2URF56BSV0RWqoCqi6AE9oRf06jw6z86b8zGJZpzpzC76A+frG1appgQ=</latexit><latexit sha1_base64="wGCZtQgCI5FIFrjhz4MKNbNyZsk=">AAACInicbVDLSgMxFM3UV62vqks3wSLUhWVGBHVXdOOygn1Ap5RMmrahmUlI7qhlmG9x46+4caGoK8GPMX0g2nogcDjnXG7uCZTgBlz308ksLC4tr2RXc2vrG5tb+e2dmpGxpqxKpZC6ERDDBI9YFTgI1lCakTAQrB4MLkd+/ZZpw2V0A0PFWiHpRbzLKQErtfPnvrS25r0+EK3lXVKEo/5hO/EV0ypNsU+U0vIez8Z02s4X3JI7Bv4h3iwpoCkq7fy735E0DlkEVBBjmp6roJUQDZwKlub82DBF6ID0WNPSiITMtJLxiSk+sEoHd6W2LwI8Vn9PJCQ0ZhgGNhkS6JtZbyT+5zVj6J61Eh6pGFhEJ4u6scAg8agv3OGaURBDSwjV3P4V0z7RhIJtNWdLmDt5ntSOS55b8q5PCuWLaR1ZtIf2URF56BSV0RWqoCqi6AE9oRf06jw6z86b8zGJZpzpzC76A+frG1appgQ=</latexit><latexit sha1_base64="wGCZtQgCI5FIFrjhz4MKNbNyZsk=">AAACInicbVDLSgMxFM3UV62vqks3wSLUhWVGBHVXdOOygn1Ap5RMmrahmUlI7qhlmG9x46+4caGoK8GPMX0g2nogcDjnXG7uCZTgBlz308ksLC4tr2RXc2vrG5tb+e2dmpGxpqxKpZC6ERDDBI9YFTgI1lCakTAQrB4MLkd+/ZZpw2V0A0PFWiHpRbzLKQErtfPnvrS25r0+EK3lXVKEo/5hO/EV0ypNsU+U0vIez8Z02s4X3JI7Bv4h3iwpoCkq7fy735E0DlkEVBBjmp6roJUQDZwKlub82DBF6ID0WNPSiITMtJLxiSk+sEoHd6W2LwI8Vn9PJCQ0ZhgGNhkS6JtZbyT+5zVj6J61Eh6pGFhEJ4u6scAg8agv3OGaURBDSwjV3P4V0z7RhIJtNWdLmDt5ntSOS55b8q5PCuWLaR1ZtIf2URF56BSV0RWqoCqi6AE9oRf06jw6z86b8zGJZpzpzC76A+frG1appgQ=</latexit><latexit sha1_base64="wGCZtQgCI5FIFrjhz4MKNbNyZsk=">AAACInicbVDLSgMxFM3UV62vqks3wSLUhWVGBHVXdOOygn1Ap5RMmrahmUlI7qhlmG9x46+4caGoK8GPMX0g2nogcDjnXG7uCZTgBlz308ksLC4tr2RXc2vrG5tb+e2dmpGxpqxKpZC6ERDDBI9YFTgI1lCakTAQrB4MLkd+/ZZpw2V0A0PFWiHpRbzLKQErtfPnvrS25r0+EK3lXVKEo/5hO/EV0ypNsU+U0vIez8Z02s4X3JI7Bv4h3iwpoCkq7fy735E0DlkEVBBjmp6roJUQDZwKlub82DBF6ID0WNPSiITMtJLxiSk+sEoHd6W2LwI8Vn9PJCQ0ZhgGNhkS6JtZbyT+5zVj6J61Eh6pGFhEJ4u6scAg8agv3OGaURBDSwjV3P4V0z7RhIJtNWdLmDt5ntSOS55b8q5PCuWLaR1ZtIf2URF56BSV0RWqoCqi6AE9oRf06jw6z86b8zGJZpzpzC76A+frG1appgQ=</latexit><latexit sha1_base64="wGCZtQgCI5FIFrjhz4MKNbNyZsk=">AAACInicbVDLSgMxFM3UV62vqks3wSLUhWVGBHVXdOOygn1Ap5RMmrahmUlI7qhlmG9x46+4caGoK8GPMX0g2nogcDjnXG7uCZTgBlz308ksLC4tr2RXc2vrG5tb+e2dmpGxpqxKpZC6ERDDBI9YFTgI1lCakTAQrB4MLkd+/ZZpw2V0A0PFWiHpRbzLKQErtfPnvrS25r0+EK3lXVKEo/5hO/EV0ypNsU+U0vIez8Z02s4X3JI7Bv4h3iwpoCkq7fy735E0DlkEVBBjmp6roJUQDZwKlub82DBF6ID0WNPSiITMtJLxiSk+sEoHd6W2LwI8Vn9PJCQ0ZhgGNhkS6JtZbyT+5zVj6J61Eh6pGFhEJ4u6scAg8agv3OGaURBDSwjV3P4V0z7RhIJtNWdLmDt5ntSOS55b8q5PCuWLaR1ZtIf2URF56BSV0RWqoCqi6AE9oRf06jw6z86b8zGJZpzpzC76A+frG1appgQ=</latexit>



Methods
1. Intersection Constraint: 
2. Projection Constraint: Projection of          onto      is     .  
                                                     Or equivalently
                                                                       where       is projection matrix onto      . 

Hi ⇢ Hj
<latexit sha1_base64="58NzIy1k0mhfRTOuvbhVZLWXzUY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0GPRS48V7Ae0IWy2m3btZhN2Z4Ua+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBNcg+d9O2vrG5tb26Wd8u7e/kHFPTxq69Qoylo0FanqRkQzwSVrAQfBupliJIkE60Tj25nfeWRK81TewyRjQUKGksecErBS6FYaIcd9bSLNADfCh9CtejVvDrxK/IJUUYFm6H71Byk1CZNABdG653sZBDlRwKlg03LfaJYROiZD1rNUkoTpIJ8fPsVnVhngOFW2JOC5+nsiJ4nWkySynQmBkV72ZuJ/Xs9AfB3kXGYGmKSLRbERGFI8SwEPuGIUxMQSQhW3t2I6IopQsFmVbQj+8surpH1R872af3dZrd8UcZTQCTpF58hHV6iOGqiJWogig57RK3pznpwX5935WLSuOcXMMfoD5/MH5HCSlA==</latexit><latexit sha1_base64="58NzIy1k0mhfRTOuvbhVZLWXzUY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0GPRS48V7Ae0IWy2m3btZhN2Z4Ua+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBNcg+d9O2vrG5tb26Wd8u7e/kHFPTxq69Qoylo0FanqRkQzwSVrAQfBupliJIkE60Tj25nfeWRK81TewyRjQUKGksecErBS6FYaIcd9bSLNADfCh9CtejVvDrxK/IJUUYFm6H71Byk1CZNABdG653sZBDlRwKlg03LfaJYROiZD1rNUkoTpIJ8fPsVnVhngOFW2JOC5+nsiJ4nWkySynQmBkV72ZuJ/Xs9AfB3kXGYGmKSLRbERGFI8SwEPuGIUxMQSQhW3t2I6IopQsFmVbQj+8surpH1R872af3dZrd8UcZTQCTpF58hHV6iOGqiJWogig57RK3pznpwX5935WLSuOcXMMfoD5/MH5HCSlA==</latexit><latexit sha1_base64="58NzIy1k0mhfRTOuvbhVZLWXzUY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0GPRS48V7Ae0IWy2m3btZhN2Z4Ua+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBNcg+d9O2vrG5tb26Wd8u7e/kHFPTxq69Qoylo0FanqRkQzwSVrAQfBupliJIkE60Tj25nfeWRK81TewyRjQUKGksecErBS6FYaIcd9bSLNADfCh9CtejVvDrxK/IJUUYFm6H71Byk1CZNABdG653sZBDlRwKlg03LfaJYROiZD1rNUkoTpIJ8fPsVnVhngOFW2JOC5+nsiJ4nWkySynQmBkV72ZuJ/Xs9AfB3kXGYGmKSLRbERGFI8SwEPuGIUxMQSQhW3t2I6IopQsFmVbQj+8surpH1R872af3dZrd8UcZTQCTpF58hHV6iOGqiJWogig57RK3pznpwX5935WLSuOcXMMfoD5/MH5HCSlA==</latexit><latexit sha1_base64="58NzIy1k0mhfRTOuvbhVZLWXzUY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0GPRS48V7Ae0IWy2m3btZhN2Z4Ua+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBNcg+d9O2vrG5tb26Wd8u7e/kHFPTxq69Qoylo0FanqRkQzwSVrAQfBupliJIkE60Tj25nfeWRK81TewyRjQUKGksecErBS6FYaIcd9bSLNADfCh9CtejVvDrxK/IJUUYFm6H71Byk1CZNABdG653sZBDlRwKlg03LfaJYROiZD1rNUkoTpIJ8fPsVnVhngOFW2JOC5+nsiJ4nWkySynQmBkV72ZuJ/Xs9AfB3kXGYGmKSLRbERGFI8SwEPuGIUxMQSQhW3t2I6IopQsFmVbQj+8surpH1R872af3dZrd8UcZTQCTpF58hHV6iOGqiJWogig57RK3pznpwX5935WLSuOcXMMfoD5/MH5HCSlA==</latexit><latexit sha1_base64="58NzIy1k0mhfRTOuvbhVZLWXzUY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lE0GPRS48V7Ae0IWy2m3btZhN2Z4Ua+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBNcg+d9O2vrG5tb26Wd8u7e/kHFPTxq69Qoylo0FanqRkQzwSVrAQfBupliJIkE60Tj25nfeWRK81TewyRjQUKGksecErBS6FYaIcd9bSLNADfCh9CtejVvDrxK/IJUUYFm6H71Byk1CZNABdG653sZBDlRwKlg03LfaJYROiZD1rNUkoTpIJ8fPsVnVhngOFW2JOC5+nsiJ4nWkySynQmBkV72ZuJ/Xs9AfB3kXGYGmKSLRbERGFI8SwEPuGIUxMQSQhW3t2I6IopQsFmVbQj+8surpH1R872af3dZrd8UcZTQCTpF58hHV6iOGqiJWogig57RK3pznpwX5935WLSuOcXMMfoD5/MH5HCSlA==</latexit> �!rj

<latexit sha1_base64="WazyMXw0R47SVf756LfyyJGGCLM=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIoMeiF48V7Ae0IWy223btZjfsbpQSCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0o408bzvp2l5ZXVtfXSRnlza3tn193bb2qZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo+vcbz1QpZkUd2ac0CDGA8H6jGBjpdA97EprKzYYGqyUfMxUeD8ph27Fq3pToEXiF6QCBeqh+9XtSZLGVBjCsdYd30tMkGFlGOF0Uu6mmiaYjPCAdiwVOKY6yKbnT9CJVXqoL5UtYdBU/T2R4VjrcRzZzhiboZ73cvE/r5Oa/mWQMZGkhgoyW9RPOTIS5VmgHlOUGD62BBPF7K2IDLHCxNjE8hD8+ZcXSfOs6ntV//a8Ursq4ijBERzDKfhwATW4gTo0gEAGz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwD1WZYb</latexit><latexit sha1_base64="WazyMXw0R47SVf756LfyyJGGCLM=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIoMeiF48V7Ae0IWy223btZjfsbpQSCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0o408bzvp2l5ZXVtfXSRnlza3tn193bb2qZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo+vcbz1QpZkUd2ac0CDGA8H6jGBjpdA97EprKzYYGqyUfMxUeD8ph27Fq3pToEXiF6QCBeqh+9XtSZLGVBjCsdYd30tMkGFlGOF0Uu6mmiaYjPCAdiwVOKY6yKbnT9CJVXqoL5UtYdBU/T2R4VjrcRzZzhiboZ73cvE/r5Oa/mWQMZGkhgoyW9RPOTIS5VmgHlOUGD62BBPF7K2IDLHCxNjE8hD8+ZcXSfOs6ntV//a8Ursq4ijBERzDKfhwATW4gTo0gEAGz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwD1WZYb</latexit><latexit sha1_base64="WazyMXw0R47SVf756LfyyJGGCLM=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIoMeiF48V7Ae0IWy223btZjfsbpQSCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0o408bzvp2l5ZXVtfXSRnlza3tn193bb2qZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo+vcbz1QpZkUd2ac0CDGA8H6jGBjpdA97EprKzYYGqyUfMxUeD8ph27Fq3pToEXiF6QCBeqh+9XtSZLGVBjCsdYd30tMkGFlGOF0Uu6mmiaYjPCAdiwVOKY6yKbnT9CJVXqoL5UtYdBU/T2R4VjrcRzZzhiboZ73cvE/r5Oa/mWQMZGkhgoyW9RPOTIS5VmgHlOUGD62BBPF7K2IDLHCxNjE8hD8+ZcXSfOs6ntV//a8Ursq4ijBERzDKfhwATW4gTo0gEAGz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwD1WZYb</latexit><latexit sha1_base64="WazyMXw0R47SVf756LfyyJGGCLM=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIoMeiF48V7Ae0IWy223btZjfsbpQSCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0o408bzvp2l5ZXVtfXSRnlza3tn193bb2qZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo+vcbz1QpZkUd2ac0CDGA8H6jGBjpdA97EprKzYYGqyUfMxUeD8ph27Fq3pToEXiF6QCBeqh+9XtSZLGVBjCsdYd30tMkGFlGOF0Uu6mmiaYjPCAdiwVOKY6yKbnT9CJVXqoL5UtYdBU/T2R4VjrcRzZzhiboZ73cvE/r5Oa/mWQMZGkhgoyW9RPOTIS5VmgHlOUGD62BBPF7K2IDLHCxNjE8hD8+ZcXSfOs6ntV//a8Ursq4ijBERzDKfhwATW4gTo0gEAGz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwD1WZYb</latexit><latexit sha1_base64="WazyMXw0R47SVf756LfyyJGGCLM=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KIoMeiF48V7Ae0IWy223btZjfsbpQSCv4VLx4U8erv8Oa/cdPmoK0PBh7vzTAzL0o408bzvp2l5ZXVtfXSRnlza3tn193bb2qZKkIbRHKp2hHWlDNBG4YZTtuJojiOOG1Fo+vcbz1QpZkUd2ac0CDGA8H6jGBjpdA97EprKzYYGqyUfMxUeD8ph27Fq3pToEXiF6QCBeqh+9XtSZLGVBjCsdYd30tMkGFlGOF0Uu6mmiaYjPCAdiwVOKY6yKbnT9CJVXqoL5UtYdBU/T2R4VjrcRzZzhiboZ73cvE/r5Oa/mWQMZGkhgoyW9RPOTIS5VmgHlOUGD62BBPF7K2IDLHCxNjE8hD8+ZcXSfOs6ntV//a8Ursq4ijBERzDKfhwATW4gTo0gEAGz/AKb86T8+K8Ox+z1iWnmDmAP3A+fwD1WZYb</latexit>

Hi
<latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit>

�!ri
<latexit sha1_base64="fwNFvIOc5aq7X3HW4PrdcaaQtXg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEBD0WvXisYD+gDWGz3bZLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeVHCmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlqghtEsml6kRYU84EbRpmOO0kiuI44rQdjW9yv/1AlWZS3JtJQoMYDwUbMIKNlUL3qCetrdhwZLBS8jFTIZtWQrfq1bwZ0DLxC1KFAo3Q/er1JUljKgzhWOuu7yUmyLAyjHA6rfRSTRNMxnhIu5YKHFMdZLPzp+jUKn00kMqWMGim/p7IcKz1JI5sZ4zNSC96ufif103N4CrImEhSQwWZLxqkHBmJ8ixQnylKDJ9Ygoli9lZERlhhYmxieQj+4svLpHVe872af3dRrV8XcZThGE7gDHy4hDrcQgOaQCCDZ3iFN+fJeXHenY95a8kpZg7hD5zPH/PTlho=</latexit><latexit sha1_base64="fwNFvIOc5aq7X3HW4PrdcaaQtXg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEBD0WvXisYD+gDWGz3bZLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeVHCmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlqghtEsml6kRYU84EbRpmOO0kiuI44rQdjW9yv/1AlWZS3JtJQoMYDwUbMIKNlUL3qCetrdhwZLBS8jFTIZtWQrfq1bwZ0DLxC1KFAo3Q/er1JUljKgzhWOuu7yUmyLAyjHA6rfRSTRNMxnhIu5YKHFMdZLPzp+jUKn00kMqWMGim/p7IcKz1JI5sZ4zNSC96ufif103N4CrImEhSQwWZLxqkHBmJ8ixQnylKDJ9Ygoli9lZERlhhYmxieQj+4svLpHVe872af3dRrV8XcZThGE7gDHy4hDrcQgOaQCCDZ3iFN+fJeXHenY95a8kpZg7hD5zPH/PTlho=</latexit><latexit sha1_base64="fwNFvIOc5aq7X3HW4PrdcaaQtXg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEBD0WvXisYD+gDWGz3bZLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeVHCmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlqghtEsml6kRYU84EbRpmOO0kiuI44rQdjW9yv/1AlWZS3JtJQoMYDwUbMIKNlUL3qCetrdhwZLBS8jFTIZtWQrfq1bwZ0DLxC1KFAo3Q/er1JUljKgzhWOuu7yUmyLAyjHA6rfRSTRNMxnhIu5YKHFMdZLPzp+jUKn00kMqWMGim/p7IcKz1JI5sZ4zNSC96ufif103N4CrImEhSQwWZLxqkHBmJ8ixQnylKDJ9Ygoli9lZERlhhYmxieQj+4svLpHVe872af3dRrV8XcZThGE7gDHy4hDrcQgOaQCCDZ3iFN+fJeXHenY95a8kpZg7hD5zPH/PTlho=</latexit><latexit sha1_base64="fwNFvIOc5aq7X3HW4PrdcaaQtXg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEBD0WvXisYD+gDWGz3bZLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeVHCmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlqghtEsml6kRYU84EbRpmOO0kiuI44rQdjW9yv/1AlWZS3JtJQoMYDwUbMIKNlUL3qCetrdhwZLBS8jFTIZtWQrfq1bwZ0DLxC1KFAo3Q/er1JUljKgzhWOuu7yUmyLAyjHA6rfRSTRNMxnhIu5YKHFMdZLPzp+jUKn00kMqWMGim/p7IcKz1JI5sZ4zNSC96ufif103N4CrImEhSQwWZLxqkHBmJ8ixQnylKDJ9Ygoli9lZERlhhYmxieQj+4svLpHVe872af3dRrV8XcZThGE7gDHy4hDrcQgOaQCCDZ3iFN+fJeXHenY95a8kpZg7hD5zPH/PTlho=</latexit><latexit sha1_base64="fwNFvIOc5aq7X3HW4PrdcaaQtXg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEBD0WvXisYD+gDWGz3bZLN7thd6OUUPCvePGgiFd/hzf/jZs2B219MPB4b4aZeVHCmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlqghtEsml6kRYU84EbRpmOO0kiuI44rQdjW9yv/1AlWZS3JtJQoMYDwUbMIKNlUL3qCetrdhwZLBS8jFTIZtWQrfq1bwZ0DLxC1KFAo3Q/er1JUljKgzhWOuu7yUmyLAyjHA6rfRSTRNMxnhIu5YKHFMdZLPzp+jUKn00kMqWMGim/p7IcKz1JI5sZ4zNSC96ufif103N4CrImEhSQwWZLxqkHBmJ8ixQnylKDJ9Ygoli9lZERlhhYmxieQj+4svLpHVe872af3dRrV8XcZThGE7gDHy4hDrcQgOaQCCDZ3iFN+fJeXHenY95a8kpZg7hD5zPH/PTlho=</latexit>

Pi
�!rj = �!ri

<latexit sha1_base64="exarJI4f9KLM6iXJ7cjCryEUWIU=">AAACGHicbVDLSsNAFL3xWesr6tLNYBFc1UQE3QhFNy4r2Ae0IUymk3bsJBNmJkoJ+Qw3/oobF4q47c6/cdJ2oa0HBg7nnMude4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aYSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHhT+K1HKhUT8b0eJdSLcD9mISNYG8m3T+s+6wqTkKw/0FhK8ZRJ/yFHV2hRZnnZtytO1ZkALRJ3RiowQ923x92eIGlEY004VqrjOon2Miw1I5zm5W6qaILJEPdpx9AYR1R52eSwHB0bpYdCIc2LNZqovycyHCk1igKTjLAeqHmvEP/zOqkOL72MxUmqaUymi8KUIy1Q0RLqMUmJ5iNDMJHM/BWRAZaYaNNlUYI7f/IiaZ5VXafq3p1XatezOkpwCEdwAi5cQA1uoQ4NIPAMr/AOH9aL9WZ9Wl/T6JI1mzmAP7DGP34goUc=</latexit><latexit sha1_base64="exarJI4f9KLM6iXJ7cjCryEUWIU=">AAACGHicbVDLSsNAFL3xWesr6tLNYBFc1UQE3QhFNy4r2Ae0IUymk3bsJBNmJkoJ+Qw3/oobF4q47c6/cdJ2oa0HBg7nnMude4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aYSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHhT+K1HKhUT8b0eJdSLcD9mISNYG8m3T+s+6wqTkKw/0FhK8ZRJ/yFHV2hRZnnZtytO1ZkALRJ3RiowQ923x92eIGlEY004VqrjOon2Miw1I5zm5W6qaILJEPdpx9AYR1R52eSwHB0bpYdCIc2LNZqovycyHCk1igKTjLAeqHmvEP/zOqkOL72MxUmqaUymi8KUIy1Q0RLqMUmJ5iNDMJHM/BWRAZaYaNNlUYI7f/IiaZ5VXafq3p1XatezOkpwCEdwAi5cQA1uoQ4NIPAMr/AOH9aL9WZ9Wl/T6JI1mzmAP7DGP34goUc=</latexit><latexit sha1_base64="exarJI4f9KLM6iXJ7cjCryEUWIU=">AAACGHicbVDLSsNAFL3xWesr6tLNYBFc1UQE3QhFNy4r2Ae0IUymk3bsJBNmJkoJ+Qw3/oobF4q47c6/cdJ2oa0HBg7nnMude4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aYSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHhT+K1HKhUT8b0eJdSLcD9mISNYG8m3T+s+6wqTkKw/0FhK8ZRJ/yFHV2hRZnnZtytO1ZkALRJ3RiowQ923x92eIGlEY004VqrjOon2Miw1I5zm5W6qaILJEPdpx9AYR1R52eSwHB0bpYdCIc2LNZqovycyHCk1igKTjLAeqHmvEP/zOqkOL72MxUmqaUymi8KUIy1Q0RLqMUmJ5iNDMJHM/BWRAZaYaNNlUYI7f/IiaZ5VXafq3p1XatezOkpwCEdwAi5cQA1uoQ4NIPAMr/AOH9aL9WZ9Wl/T6JI1mzmAP7DGP34goUc=</latexit><latexit sha1_base64="exarJI4f9KLM6iXJ7cjCryEUWIU=">AAACGHicbVDLSsNAFL3xWesr6tLNYBFc1UQE3QhFNy4r2Ae0IUymk3bsJBNmJkoJ+Qw3/oobF4q47c6/cdJ2oa0HBg7nnMude4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aYSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHhT+K1HKhUT8b0eJdSLcD9mISNYG8m3T+s+6wqTkKw/0FhK8ZRJ/yFHV2hRZnnZtytO1ZkALRJ3RiowQ923x92eIGlEY004VqrjOon2Miw1I5zm5W6qaILJEPdpx9AYR1R52eSwHB0bpYdCIc2LNZqovycyHCk1igKTjLAeqHmvEP/zOqkOL72MxUmqaUymi8KUIy1Q0RLqMUmJ5iNDMJHM/BWRAZaYaNNlUYI7f/IiaZ5VXafq3p1XatezOkpwCEdwAi5cQA1uoQ4NIPAMr/AOH9aL9WZ9Wl/T6JI1mzmAP7DGP34goUc=</latexit><latexit sha1_base64="exarJI4f9KLM6iXJ7cjCryEUWIU=">AAACGHicbVDLSsNAFL3xWesr6tLNYBFc1UQE3QhFNy4r2Ae0IUymk3bsJBNmJkoJ+Qw3/oobF4q47c6/cdJ2oa0HBg7nnMude4KEM6Ud59taWl5ZXVsvbZQ3t7Z3du29/aYSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHhT+K1HKhUT8b0eJdSLcD9mISNYG8m3T+s+6wqTkKw/0FhK8ZRJ/yFHV2hRZnnZtytO1ZkALRJ3RiowQ923x92eIGlEY004VqrjOon2Miw1I5zm5W6qaILJEPdpx9AYR1R52eSwHB0bpYdCIc2LNZqovycyHCk1igKTjLAeqHmvEP/zOqkOL72MxUmqaUymi8KUIy1Q0RLqMUmJ5iNDMJHM/BWRAZaYaNNlUYI7f/IiaZ5VXafq3p1XatezOkpwCEdwAi5cQA1uoQ4NIPAMr/AOH9aL9WZ9Wl/T6JI1mzmAP7DGP34goUc=</latexit>

Pi
<latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit><latexit sha1_base64="NCo/reiwdP/2JoqbHWMf/bK9w30=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpodEXfbfq1bw5yCrxC1KFAo2++9UbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmpU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMroNcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c6L86787FoLTnFzDH8gfP5AyOgjbA=</latexit>

Hi
<latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit><latexit sha1_base64="RK6tMOZxx6ELHaUJ//auteCmvvM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeilx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTHgg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVc+tevfXlfptHkcRzuAcLsGDGtShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPHxdwjag=</latexit>

rel.space(is_father_of), 
rel.space(is_mother_of)  
⊂ rel.space(is_parent_of) 

Green hyperplane = relation space of is_parent_of
Blue, red lines: relation space of is_father_of, is_mother_of



Results - Link Prediction
Link Prediction: predict ? in (h, r, ?)  

ex) (Harry, is_father_of, ?)



Results - Triple Classification
Triple Classification: predict (h, r, t) valid/ invalid 



Margin-aware geometry
Margin-aware Geometry (Fig. (d)): If weaker objective 
required (i.e.                             ), relation spaces 
(now with thickness 2ϵ)  still included in the same 
direction. 

�����!
(t� h)? ��!r < ✏

<latexit sha1_base64="loL9vG0mAB6X28ysZkiBgouViXg=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhkRdKFQdONSwT6gU0omvW2DmUlI7ihlmK9x46+4caGIuPNTTGsXWj0QOJxzLjf3RFoKi77/4c3Mzs0vLC4tF1ZW19Y3iptbdatSw6HGlVSmGTELUiRQQ4ESmtoAiyMJjej2YuQ37sBYoZIbHGpox6yfiJ7gDJ3UKZ6FytlG9AfIjFH3WRkPBvudLNRgdJ7TAzodMDk9DUFbIUfzJb/ij0H/kmBCSmSCq07xJewqnsaQIJfM2lbga2xnzKDgEvJCmFrQjN+yPrQcTVgMtp2Nz8zpnlO6tKeMewnSsfpzImOxtcM4csmY4cBOeyPxP6+VYu+knYlEpwgJ/17USyVFRUed0a4wwFEOHWHcCPdXygfMMI6u2YIrIZg++S+pH1YCvxJcH5Wq55M6lsgO2SVlEpBjUiWX5IrUCCcP5Im8kFfv0Xv23rz37+iMN5nZJr/gfX4Bnz6nFA==</latexit><latexit sha1_base64="loL9vG0mAB6X28ysZkiBgouViXg=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhkRdKFQdONSwT6gU0omvW2DmUlI7ihlmK9x46+4caGIuPNTTGsXWj0QOJxzLjf3RFoKi77/4c3Mzs0vLC4tF1ZW19Y3iptbdatSw6HGlVSmGTELUiRQQ4ESmtoAiyMJjej2YuQ37sBYoZIbHGpox6yfiJ7gDJ3UKZ6FytlG9AfIjFH3WRkPBvudLNRgdJ7TAzodMDk9DUFbIUfzJb/ij0H/kmBCSmSCq07xJewqnsaQIJfM2lbga2xnzKDgEvJCmFrQjN+yPrQcTVgMtp2Nz8zpnlO6tKeMewnSsfpzImOxtcM4csmY4cBOeyPxP6+VYu+knYlEpwgJ/17USyVFRUed0a4wwFEOHWHcCPdXygfMMI6u2YIrIZg++S+pH1YCvxJcH5Wq55M6lsgO2SVlEpBjUiWX5IrUCCcP5Im8kFfv0Xv23rz37+iMN5nZJr/gfX4Bnz6nFA==</latexit><latexit sha1_base64="loL9vG0mAB6X28ysZkiBgouViXg=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhkRdKFQdONSwT6gU0omvW2DmUlI7ihlmK9x46+4caGIuPNTTGsXWj0QOJxzLjf3RFoKi77/4c3Mzs0vLC4tF1ZW19Y3iptbdatSw6HGlVSmGTELUiRQQ4ESmtoAiyMJjej2YuQ37sBYoZIbHGpox6yfiJ7gDJ3UKZ6FytlG9AfIjFH3WRkPBvudLNRgdJ7TAzodMDk9DUFbIUfzJb/ij0H/kmBCSmSCq07xJewqnsaQIJfM2lbga2xnzKDgEvJCmFrQjN+yPrQcTVgMtp2Nz8zpnlO6tKeMewnSsfpzImOxtcM4csmY4cBOeyPxP6+VYu+knYlEpwgJ/17USyVFRUed0a4wwFEOHWHcCPdXygfMMI6u2YIrIZg++S+pH1YCvxJcH5Wq55M6lsgO2SVlEpBjUiWX5IrUCCcP5Im8kFfv0Xv23rz37+iMN5nZJr/gfX4Bnz6nFA==</latexit><latexit sha1_base64="loL9vG0mAB6X28ysZkiBgouViXg=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhkRdKFQdONSwT6gU0omvW2DmUlI7ihlmK9x46+4caGIuPNTTGsXWj0QOJxzLjf3RFoKi77/4c3Mzs0vLC4tF1ZW19Y3iptbdatSw6HGlVSmGTELUiRQQ4ESmtoAiyMJjej2YuQ37sBYoZIbHGpox6yfiJ7gDJ3UKZ6FytlG9AfIjFH3WRkPBvudLNRgdJ7TAzodMDk9DUFbIUfzJb/ij0H/kmBCSmSCq07xJewqnsaQIJfM2lbga2xnzKDgEvJCmFrQjN+yPrQcTVgMtp2Nz8zpnlO6tKeMewnSsfpzImOxtcM4csmY4cBOeyPxP6+VYu+knYlEpwgJ/17USyVFRUed0a4wwFEOHWHcCPdXygfMMI6u2YIrIZg++S+pH1YCvxJcH5Wq55M6lsgO2SVlEpBjUiWX5IrUCCcP5Im8kFfv0Xv23rz37+iMN5nZJr/gfX4Bnz6nFA==</latexit><latexit sha1_base64="loL9vG0mAB6X28ysZkiBgouViXg=">AAACJnicbVDLSgMxFM34tr6qLt0Ei1AXlhkRdKFQdONSwT6gU0omvW2DmUlI7ihlmK9x46+4caGIuPNTTGsXWj0QOJxzLjf3RFoKi77/4c3Mzs0vLC4tF1ZW19Y3iptbdatSw6HGlVSmGTELUiRQQ4ESmtoAiyMJjej2YuQ37sBYoZIbHGpox6yfiJ7gDJ3UKZ6FytlG9AfIjFH3WRkPBvudLNRgdJ7TAzodMDk9DUFbIUfzJb/ij0H/kmBCSmSCq07xJewqnsaQIJfM2lbga2xnzKDgEvJCmFrQjN+yPrQcTVgMtp2Nz8zpnlO6tKeMewnSsfpzImOxtcM4csmY4cBOeyPxP6+VYu+knYlEpwgJ/17USyVFRUed0a4wwFEOHWHcCPdXygfMMI6u2YIrIZg++S+pH1YCvxJcH5Wq55M6lsgO2SVlEpBjUiWX5IrUCCcP5Im8kFfv0Xv23rz37+iMN5nZJr/gfX4Bnz6nFA==</latexit>

rel.space(is_father_of), 
rel.space(is_mother_of)  
⊂ rel.space(is_parent_of) 

Green hyperrectangle = rel. space of is_parent_of
Blue, red cylinders: rel. space of is_father_of, is_mother_of



Semantic Relatedness/ Rule 
Mining

Relation Spaces over-
lapping with different angles

Between two relation spaces, 
the closer the angle 

⇕  
the more overlap in area

Angle:  
Metric of similarity between 
embedded objects  
Ex) Word2vec, Visual Semantics


